This paper presents a multi-layered/multi-director and shear-deformable finite element formulation of shells for the analysis of composite laminates. The displacement field is assumed continuous across the finite element layers through the composite thickness. The rotation field is, however, layer-wise continuous and is assumed discontinuous across these layers. This kinematic hypothesis results in independent shear deformation of the director associated with each individual layer and thus allows the warping of the composite crosssection. The resulting strain field is discontinuous across the different material sets, thereby creating the provision that the inter-laminar transverse stresses computed from the constitutive equations can be continuous. Numerical results are presented to show the performance of the method.
Introduction
In the last two decades, composites have found increasing application in many engineering structures. Recent advances in the technologies of manufacturing and materials have enhanced the current application of composite materials from being used as secondary structural elements to becoming primary load-carrying structural components. Due to the inherent inhomogeneity and anisotropy of the materials, analysis of these composite structures imposes new challenges on engineers [10, 11] .
Plate and shell structures made of laminated composite materials have often been modeled as an equivalent single layer using classical laminate theory (C.L.T) [5, 8, 12, 13, 16] in which the thickness stress components are ignored. C.L.T. is a direct extension of classical plate theory in which the well known Kirchhoff-Love kinematic hypothesis is assumed enforced.
This theory is adequate when the thickness (to side or radius ratio) is small. However, laminated plates and shells made of advanced filamentary composite materials are susceptible to thickness effects, because their effective transverse moduli are significantly small compared to the effective elastic modulus along the fiber direction. Furthermore, the classical theory of plates, which assumes that the normals to the mid-plane before deformation remain straight and normal to the plane after deformation, under predicts deflections and over predicts natural frequencies and buckling loads. These discrepancies arise due to the neglect of transverse shear strains. The range of applicability of the C.L.T. solution has been well established for laminated flat plates [10, 12, 20] . In order to overcome the deficiencies in C.L.T., refined laminate theories have been proposed [3, 10, 11, 18, 19, 20, 21, 24] . These are single layer theories in which the transverse shear stresses are taken into account. They provide improved global response estimates for deflections, vibration frequencies and buckling loads of moderately thick composites when compared to the classical laminate theory. A Mindlin type first-order transverse shear deformation theory (S.D.T.) was first developed by Whitney and Pagano [24] for multi-layered anisotropic plates, and by Dong and Tso [6] for multi-layered A. Masud and M. Panahandeh A finite element formulation for composites 2 anisotropic shells. Both approaches (C.L.T. and S.D.T.) consider all layers as one equivalent single anisotropic layer, thus they can not model the warping of cross-sections, that is, the in-plane distortion of the deformed normal due to transverse shear stresses. Furthermore, the assumption of a non-deformable normal results in incompatible shearing stresses between adjacent layers. The later approach also requires the introduction of an arbitrary shear correction factor which depends on the lamination parameters for obtaining accurate results.
It is well established that such a theory is adequate to predict only the gross behavior of laminates.
The exact analyses performed by Pagano [12, 13, 16] on the composite fiat plates have indicated that the in-plane distortion of the deformed normal depends not only on the laminate thickness, but also on the orientation and the degree of orthotropy of the individual layers. Therefore the hypothesis of non-deformable normals, while acceptable for isotropic plates and shells, is often quite unacceptable for multi-layered anisotropic plates and shells that have a large ratio of Young's modulus to shear modulus, even if they are relatively thin [4, 18, 19, 20] . Thus a transverse shear deformation theory which also accounts for the warping of the deformed normal is required for accurate prediction of the elastic behavior (deflections, thickness distribution of the in-plane displacements, natural frequencies, etc.) of multi-layered anisotropic plates and shells.
In view of these issues a variationally sound theory that accounts for the 3-D effects, allows thickness variation, and permits the warping of the deformed normal, is required for a refined analysis of thick and thin composites. In this paper we have endeavored to address these issues and develop a new finite element formulation for laminated composites. The assumed displacement field is continuous through the thickness, while the rotation field is layer-wise continuous (in 2-D) and can be discontinuous across the finite element layers. This displacement field fulfills a priori the geometric continuity conditions between contiguous layers.
Furthermore, the assumed displacement field is capable of modeling the in-plane distortion of the deformed normal, without increasing the order of the partial differential equations with respect to the first-order transverse shear deformation theory. In this formulation, at most, only first derivatives of displacement and rotation fields appear in the variational equations.
The practical consequence of this fact is that only C° continuity of finite element functions is required which is readily satisfied by the Lagrange family of elements [7] . Because of the 3-D features in the formulation, it can accurately model the inter-laminar conditions and predict the 3-D edge effects. Finally, like the single-layer shear deformable theories, the proposed formulation provides flexibility in the specification of the boundary conditions [7] .
A summary of the paper is as follows. Section 2 presents the assumptions inherent in the proposed model. The geometric and kinematic hypothesis of the multi-layered shells that accommodate, to an appropriate degree of approximation, the effects of transversal warping of the cross-section due to shear deformation as well as fiber compressibility are presented in Sections 3 and 4, respectively. Section 5 talks about the development of constitutive matrices for composite laminates. The underlying variational framework and the ensuing finite element formulation of the problem are presented in Section 6. Section 7 presents some numerical examples to demonstrate the range of applicability and accuracy of the proposed theory, and conclusions are drawn in Section 8. 
Assumptions in the Layer
where A^ is the area of the reference surface for layer I, t^ is the thickness of layer I and T is the total thickness of the composite shell.
2. The displacement field is assumed to take the following form
where u£\x,y,z) are the in-plane translations in layer I, 9l,'(x,y) are the out of plane director rotations for the reference surface associated with layer I, and Z^ is a function that establishes the position of a point with respect to the reference surface in layer I.
The second term on the right hand side of (2) can be viewed as an enhancement to the inplane components of the displacement field in layer I with respect to the reference surface associated with the layer. Consequently this enhanced field becomes identically zero on the reference surfaces.
3. The displacement field in the thickness direction is assumed to be a function of z, i.e.,
thereby producing through the thickness strains which result in thickness variation in the shell. A consequence of the above relaxation is that 033 ^ 0 i.e., we do not invoke the plane stress hypothesis.
Remarks:
1. The continuum requirement on the displacement field at the interface between I th and (I + l) st bounded layers necessitates the satisfaction of the contact conditions; U a = Ua +l) (for a = 1,2), and U^l ) = U^l +1) . These conditions are inherently satisfied via the definition of the assumed displacement field as defined in (2) and (3).
2. The inter-laminar stress continuity requires the satisfaction of the following conditions at the interface of I th and (l + l) st layers; r^ = r^X ) (for a = 1,2), and T$ = T^+ 1) , where 7-^3 denotes the inter-laminar stresses for layer I. It is important to note that the assumed displacement field (2) results in independent non-normal cross-sectional rotations in each finite element layer which is in accordance with the Mindlin kinematic assumption. A consequence is the independent shear deformation of the director in each layer, thus allowing the warping of the composite cross-section. Therefore the resulting strain field is discontinuous across different material sets and creates the provision of stress continuity across the interfaces. Consequently, the traction continuity equations are inherently satisfied. Figure 1 shows a composite laminate with 'm' number of material layers. (For ease of presentation, in Fig. 1 , m = 3). Consequently, the total thickness T is divided into W elements through the thickness. Each layer of elements is associated with a reference surface which, for ease of discussion, is assumed to be coincident with the lower surface of that layer. It is important to note that the director rotation 9 a and the slope ü 3)Q , (ü 3 is the displacement field u 3 projected onto the reference surface for the layer) are not necessarily equal and thus transverse shear strains are accommodated. This is to be contrasted with the classical lamination theories in which 8 a = ü 3 ,a-Within each layer the director rotates by 9%\ generating shear strain 7^]. Consequently, in the deformed configuration, node 2 (see Fig. 1 ) moves to location 2'. Now, the director in the second layer rotates by an angle 0a +l \ generating shear strain y^^ ■ This kinematics is repeated in successive layers and, due to the continuity of the displacement field in the thickness direction, we obtain the new locations of nodal points (that constitute the layerwise directors) as l', 2', 3' and 4 . This new location of points produces a higher-order variation of the in-plane displacement field through the thickness. Accordingly, arbitrary polynomial expressions are not required to model the higher-order in-plane variation of displacement through the thickness of the composite.
Kinematic Description of Multi-layered Shells

Kinematics of an individual layer in the context of the finite element method
The displacement field of each layer I in the shell is defined by the following relations
mniimnillll'llimill"»"»"'"""" 1 " Fig. 1 . Shell kinematics. Variation of transverse shear strains through the thickness.
where u% )+ and u^' are the translations of the upper and lower surfaces of layer l, ü^l ) is the displacement of a point on the reference surface of layer I, U {1) is the 'director displacement' for layer I, N a represents two-dimensional shape function associated with node 'a', n en are the number of element nodes, and Z^ is the thickness function defined as
where 
Remark:
We have used the right-hand-rule sign convention for rotations. Figure 2 shows a typical configuration of a doubly curved composite shell. It can be made of numerous plies with variable material properties, ply orientations and thicknesses and can be stacked together in any arbitrary sequence. Figure 3 shows a schematic diagram of the geometry of a typical laminate of the composite shell (shown by the shaded region in Fig. 2) and can be defined by the following relations 
Geometric Description of Multi-layered Shells
xWtf.ij.C) =* (0 (^)+* (0 M,C)( 13 )CT(0 = QW) C '{i) Qd)(18)
The Variational Framework
We start with the Hu-Washizu variational principle that uses the displacement, strain and stress fields as independent variables and thus provides the most general framework to formulate the problem and derive its weak form. We denote the strain field by e and its variation by a. Similarly, we denote the stress field by cr and its variation by ß. Since no boundary conditions are specified on the strain or stress fields, the solution space and the space of admissible variations coincide for both strains and stresses. (24) We add the following boundary conditions to the energy functional (27) as
5: = {e|£€[L 2 (n)r
where T u = T Ua U T U3 represents the boundary where translation boundary conditions are applied, and Tg a corresponds to the boundary with prescribed rotations, u^uajandoa represent the prescribed displacements and rotations, respectively. In addition, we prescribe the tractions as
r and q represent the normal and shear tractions, respectively, while rh represents the pre- where e,7,/c and e represent the in-plane, shear, bending and through-thickness strains, respectively. We can combine the in-plane strains with through-thickness strains to yield
The stresses corresponding to the strains are 
where the first term is to the body force vector and the second term is the traction vector.
Remark:
We have used selective reduced integration concepts for the evaluation of the element stiffness matrices.
Numerical Examples
Free edge boundary-value problem. [45,-45]s
The first numerical simulation is a prismatic symmetric laminate having traction-free edges at Y = ±a and surfaces Z = ±h, and is subjected to strain increment only on its ends at X = constant. Each layer is composed of uni-directional fiber-reinforced material such that the fiber direction is defined by its angle 8 with respect to the X-axis. The elastic properties For each finite element layer through the thickness, the reference surface is assumed to be coincident with the bottom surface of the layer. Figure 5 shows the axial displacement distribution at the top free surface of the section cut at X = 0, and the results are compared with Moires et dl. and Pagano et al. [12] . Figure 6 presents the inter-laminar shear stress at material interface and their corresponding values from Reddy [20] . Figure 7 shows the major stress components <7n, cr 12 , <7i3, and their corresponding values from the numerical simulations of Pipes et al. [16] . In order to complete the discussion, we have also presented the minor stress components in Fig. 8 . 
Conclusions
In this paper we have presented a finite element formulation which is suitable for the analysis of multi-layered/multi-director and shear-deformable composite laminates. The geometric description employed for the composite shells finds its roots in the so-called degenerated shell approach. A set of kinematic hypothesis is introduced to accommodate the effects of transverse warping of the cross section due to shear deformation along with fiber com-possibility that results from transverse normal stresses. The kinematics are individually and independently represented for each layer and are coupled via the conditions of displacement continuity between contiguous layers. The rotation field is however layer-wise continuous and is assumed discontinuous across the layers. Transversal warping of the composite cross-section is described by individual layer directors which simultaneously rotate and stretch. This results in discontinuous strain fields across the different material sets, thereby creating the provision of stress continuity across the material interfaces. Since the formulation resolves all strains, all stresses are computed through the three-dimensional constitutive equations and the usual 'zero normal stress' shell hypothesis is not employed. The variational equation
contains only the first derivatives of displacement and rotation fields that require just the C° continuity of finite element functions [7] . In displacement formulation of plates and shells, special attention needs to be given to transverse shear and membrane terms to prevent the occurrence of mesh locking. We have employed the selective/reduced integration technique to avoid this problem. Numerical results are presented that demonstrate the good performance of the proposed formulation.
